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Bounds for the functional spectrum
of operators in a Hilbert space
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ABSTRACT. Let H1 and Hs be Hilbert spaces with the unit operators Iy
and I, respectively, and A;, be bounded operators acting from H; into
Hi (j,k = 1,2). We consider the block operator matrices A = (A;x)
and F(z) = diag (K, (2)1;), where K;(z) and K»(z) are scalar analytic
functions. The set of all z € C, such that F'(z) — A is boundedly invert-
ible is called the F-regular set of A. The complement of the F-regular
set to the complex plane is called the F-spectrum (the functional spec-
trum) of A. It is shown that the notion of the functional spectrum
enables us to investigate, from the unified point of view, various types
of coupled systems, in particular, systems of integral, fractional dif-
ferential, integro-differential and differential-difference equations. We
derive a bound for the functional spectrum and discuss applications of
the obtained bound to the stability of the considered systems.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULT

In this paper we introduce and investigate the notion of the functional
spectrum. To the best of our knowledge it was not considered in the available
literature. Below we show that the notion of the functional spectrum enables
us to investigate from the unified point of view various types of coupled
systems of equations.

Let Hi (kK = 1,2) be a separable Hilbert space with a scalar product
(-, )71, the norm ||.|lz, = +/(.,.)%, and unit operator Iy, =1 (k = 1,2).
Let us introduce the Hilbert space X = Hi ® Ho endowed with the scalar
product defined by (g, h)x = (g1, k1), + (g2, ha)y, and the norm [[hl]x =
(P11, + IP2ll3,)" 2, (grhe € Hiy k= 1,2; g = (g1,92), h = (h1,ha)).
For a linear operator B in X', B* is the adjoint one, B! is the inverse one,
o(B) is the spectrum and ||B|| = ||Bl|x is the operator norm. In addition,
B(Hy, Hj) (4, k = 1,2) denotes the set of linear bounded operators C' acting
from Hy, into H; with the norm [|C|| = [|C|jx = suppey, |Chll;/||[lk. To
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2 FUNCTIONAL SPECTRUM

explain our motivation, consider the coupled system of integral equations

/Ot Ki(t — s)ui(s)ds = Ajyuy(t) + Araua(t) + fi(t),
(1) :
/0 Kg(t — S)’UQ(S)dS = A21u1 (t) + AQQ’LLQ(t) + fg(t).

Here and below Aj, € B(Hy, Hj) (j,k = 1,2), K;(t) : [0,00) — R are
continuous real-valued functions admitting the Laplace transform, ¢t > 0
and f;(t) : [0,00) = H; (j = 1,2) are continuous functions admitting the
Laplace transform.

Denote the Laplace transform of a vector-valued function v(t) (¢ > 0)

0
by (Lv)(z), where z € C is the dual variable, and put Kj(z) = (LKj)(2),
@j(z) = (Luj)(2), fi(z) = (Lf;)(2). Applying the Laplace transform to (),

we obtain
Ki(2)i1(2) = Antn (2) + A12a2(2) + f1(2),
Ko(2)ia(2) = Aot (2) + Asotin(2) + fo(2).

Introduce the operator matrix

(2)

(A A
(3) A= (Am A22) '
Then system takes the form
(4) (F(2) = A)d(2) = h(2),
where
. Kl(z)Il 0
Fle)= ( 0 fQ(Z)Iz) ’

6(2) = (@ (=), ia(2)), h(2) = (fi(2), fol2)).

The set of all z € C, such that F(z) — A is boundedly invertible in X
will be called the F-regular set of A and will be denoted by pr(A). The
complement of the F-regular set to the complex plane will be called the
F-spectrum (the functional spectrum) of A and will be denoted by or(A).

According to (4], system has a unique solution v(t) = (uy(t),u1(t))
provided z € pp(A). Besides its Laplace transform is

(5) 0(2) = (F(2) = A)~"h(2).

Now let us consider the coupled system of fractional order differential equa-
tions

D7y (t) = Arpua(t) + Argua(t) + fi(t),

(6)  D™ug(t) = Agrur(t) + Agoua(t) + f2(t), 0<m, 12<1,t>0,
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where D7 means the Riemann-Liouville fractional derivative of order v (0 <
v < 1) |14]. Fractional-order systems arise in the control theory and many
other applications, cf. |1,/4,15|. Take the zero initial conditions

(7) u1(0) = uz(0) = 0.

Since u;(0) = 0, we have (LD"u;)(z) = 2"%u;(z) |14, p. 122]. By the
Laplace transform (6]), (7)) can be reduced to ([2) with Ki(z) = 2% (j = 1,2).
Similarly, one can consider the integro-differential system

(8) /Ot K (t — 3)”1(8)618 = Anul(t) + A12U2(t) + fl(t),
dUQ(t)/dt = Ao1uq (t) + A22U2(t) + fQ(t), t>0,

with the initial condition
(9) uz(0) =0,
where K (t) is the same as above. In this case we have with K(z) =
(LK1)(2) and Ka(2) = 2.

An additional example of the matrix F' gives us the coupled system of the
difference and differential equations
(10a)  wi(t —7) = Arnui(t) + Argua(t) + fi1(t) (0 <7 = const < 00),
(10b> dUQ(t)/dt = Asuq (t) + AQQUQ(t) + fo (t), t >0,
with the zero initial conditions

ui(t) =0, —7<t<0, uz(0)=0.

In this case we have with K1(z) = e *™ and Ks(z) = z. Our approach
below complements the well-known results on the stability of differential-
delay systems, cf. [6}7,12.|13].

As the above examples show, the functional spectrum arises in various
problems.

The aim of this paper is to derive bounds for the F-spectrum, assuming
that we have an information about o(A;;) and

(11) H(A]] - /\Ij)ilH’Hj < ¢j(1/d(Ajj7)‘))7 AE U(Ajj)v J=12
where
d(A;;,\) = inf - Al
(Ajj,A) SE;?A“) |s |
i.e., the distance between a complex number X and o(A;;), and ¢1(y), p2(y)
are continuous monotonically increasing non-negative functions of a non-
negative variable y, such that ¢;(0) = 0 and ¢;(c0) = co.
To formulate our main result, let denote by r; = r;(g;) the unique positive
root of the equation

(12) qjcbj(l/:c) = 1,
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where ¢;, j = 1,2, are positive numbers, such that
a2 = [[Aw2|[[A2ill, ([ Akl = [[Ajellje, 4.k =1,2.
One can take q1 = ||A12]], g2 = ||A21]|, or
a1 = (|4l 421D, a2 = ([As2f|A2a]) ™", 0<v <L,

or one can choice ¢ from the condition

r1(q1) = ra(qz) = ra([[As2||[[A21l/q1)-

Below we suggest estimates for r; in the concrete cases. Now we are in a
position to formulate the main result of the paper.

Theorem 1. Let A be defined by with Aj, € B(Hg, H;) (J,k =1,2) and
conditions hold. Then for any i € op(A) we have either d(Aq, K1 (p)) <
ri(q1) or (and) d(Agz, Ka(p)) < r2(g2).

The proof of this theorem is presented in the next section.

For example, if A1 and A9s are normal: AjjA;fj = A;fjAjj, 7 =1,2, then,
as is well-known,

1
Ajj = M) = =, Méo(4;), j=12.
H( 17 ]) H d(Ajja)\)’ g U( J])? J ’

So ¢j(y) = y. Equation takes the form ¢j/x = 1 and consequently,
ri(45) = gj-

Theorem [I] is sharp in the following sense. If Aj; and Ay are arbi-
trary bounded operators and || Ajz||||A21]] = 0, then, taking ¢1 = ¢ =

V[Ai2]|[|A21|| = 0, we have r; = r5 = 0 and due to Theorem |1 for any
1€ op(A) there is an s € o(Ay1) U o(Ag), such that either Ki(p) = s or

(and) Ko(p) = s.
2. PROOF OF THEOREM [

We begin with the following result.

Lemma 1. Let A1 and Ass be boundedly invertible in H1 and Ho, respec-
tively, and let

(13) 1455 A21 AT} Aral, < 1.

Then A is boundedly invertible in X .

Proof. For an arbitrary b = (b1, b2), b; € H;, consider the equation
Az =b, == (v1,22), zj € H;j, j=1,2.

Then
Aj1x1 + Ajors = b1 and  Asiz1 + Aggze = by
and therefore

(14) xr1 = —Al_llAlgxg + Al_llbl.
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This gives
Ag1 (— A Ajgwg + ATby) + Agows = by
and consequently,
Ay Aot (=AM Arazg + AT b)) + 32 = Aoy bo.
So
(=A% Agt A Avg + Ip)as = w,
where
w = Ay)by + Ay Aoy ATy
According to , —A2_21A21A1_11A12 + I5 is boundedly invertible and we get

Tg = (— A A AT Ay + L) L.

This and imply that A is boundedly invertible, as claimed. O
If

all(An = Ki(z)L) 7' <1
and

gall(A22 — Ko(2)I2) 7| < 1,
then due to Lemmal[l| z € pp(A). Hence it follows.

Corollary 1. Under the hypothesis of Theorem (1| any p € op(A) satisfies
at least to one of the following inequalities:

@1ll(An — Kp)) 7Y > 1

and

@l (Azz — Ka(p) )7 > 1.

Proof of Theorem [ From and Corollary (1] it follows that for any p €
op(A), either

(15) q11(1/d(Ar1, Ki(p)) > 1,
or (and)
(16) G202(1/d( Az, Ko (1)) > 1.

Hence, either d(Ay1, K1(u)) < r1, or (and) d(Aaz, Ka(pt)) < ro. This proves
the theorem. O
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3. FUNCTIONAL SPECTRUM OF FINITE MATRICES

Let C™ be the n-dimensional complex Euclidean space with a scalar prod-
uct (., .)n, the norm ||.||, = v/(.,.)n and unit matrix I,,. For integers n; and
ng, C™"1*"2 ig the set of complex ny X ng-matrices. In this section we take
H; =C" and Aj;, € Crixm™ (4, k =1,2) with ny +ng = n.

The following quantity (the departure from normality of A € C"*™) plays
an essential role in this section:

n 1/2
g(A) = | NF(A) =D (AP |
k=1
where Na(A) = (tr AA*)Y/2 is the Frobenius (Hilbert-Schmidt) norm of A,
Ae(A) (k=1,...,n) are the eigenvalues of A taken with their multiplicities.

The followmg relatlons are checked in [8, Section 2.1] (see also [9, Section
3.1)).

(A7) g(A) < NJ(A) —tr (4] and g2(A) < N3(A - A7) /2.

If A is a normal matrix: AA* = A*A, then g(A) = 0. If A; and Ay are
commuting matrices, then g(A; + A2) < g(A41) + g(A2).

Thanks to Corollary 2.1.2 [8] (see also [9, Theorem 3.2]), the resolvent
R)(A) = (A — X)7! of a linear operator A in C" satisfies the inequality

-1 - 9" (4)
4= ler < ) Zrcic gy A9 o)

Recall that d(A, \) = ming—1 __, [A — At(4)].

We thus can write

(A5 — LRGN e < Z G N
" T o VR (A, K5 ()

with

So inequality holds with

nﬂzlg A )yk—i-l
VE!

Equation takes the form

JZ k+1f_
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This equation is equivalent to the following algebraic one:

n;j—1 1
— J 27 k 1gk;(Ajj)
(18) " = g ' :
= VM
So in this case r; = ry,;, where 7, is the unique positive root of . Put
'I’Lj—l k
9" (Aj)
n=qoi(1)=q > -
2R

Due to the simple |8, Lemma 1.6.1] r; < d,;, where
5 = (Uj)l/nj} if nj <1
" nj if U > 1.
Now Theorem [1] yields.

Corollary 2. Let A be defined by with Aj, € C>™ 5k =1,2. Then
for any p € op(A) we have either d(Ay1, K;(1)) < 7oy (q1) < 6n, or (and)
d(A227K](/L)) < Tng (Q2) < 571,2-

4. FUNCTIONAL SPECTRUM OF OPERATORS
WITH HILBERT-SCHMIDT COMPONENTS

Let Sy be the ideal of Hilber-Schmidt operators K with the finite norm
Ny(K) := (trace K K*)'/2. In this section it is supposed that

(19) A]’k S B(,Hk,,Hj) and Im Ajj = (Ajj - A;})/(QZ) €8s, j,k=1,2.

Numerous integral operators satisfy these conditions. Introduce the quantity

g91(Aj;) == V2[N3(Im Aj;) — Y " (Im Ae(Aj;))*]2.
k=1
Obviously,
(20) 91(Aj;) < V2N, (Im Ajj).

Due to |9, Theorem 9.1], under condition we have
2 Aij)
21 A — N)L <L 91(711 A A,
(21) [1(Ay; D (A7, N) exp | 2d2(Ajj7A)] (A ¢ o(Aj5))
Thus, holds with
¢i(y) =yexp [ 5(1+y°97(4;)), v >0.
Note that some other norm estimates for resolvents can be found in [8},9,
1].
Equation takes the form
2
V=

¢j=, eXp [@} =1, where v; =
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Now, Theorem [1] yields.

Corollary 3. Let A be defined by and conditions hold. Then for any
w € op(A) we have either d(A11, Ki(w)) < #1(q1) or (and) d(Ase, Ko(p)) <
P2(q2), where 75(g;) (j = 1,2) is the unique positive root of equation ([22)).

From with y = % we get
gve
(23) L yexp [y = 1.
Uy
To estimate the unique positive root of this equation we can apply the fol-
lowing result.
Lemma 2 (|9, Lemma 7.2|). For any integer p > 1, the unique positive root
zq of the equation
yexp [(y+1)P]=a, a=const>0
satisfies the inequality zq > 6,(a), where
5 271/P(In a +2°)Y/P —1, if a > exp [27];
a) =
P exp [—2P]a, if a < exp [2P].
This lemma with a = a;, where
A Vj
G; =
Toge
implies that the unique positive root g; of the equation satisfies the
inequality §; > 1;, where

2712(In a; + 4)V2 — 1, if a; > e
Yj = . sy
exp [—4]a;, if a; < e*.
Consequently
v Y

7i(gs) < 5 =0
j j

5. L?-INPUT-OUTPUT STABILITY

Let L?(R, X) be the space of functions w(.) defined on (—oc,00) with
values in X and the norm

1 00 1/2
o = (57 | lotldy)

and let L?(R,,X) be the space of functions f(.) defined on Ry = [0, 00)
with values in X and the norm

00 1/2
Iz = ([ 1)
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A solution of is a function defined on [0,00) with values in X, and

satisfying ((1)).

System (1)) is said to be L?-input-output stable (L?-10-stable), if for any
f € L?>(R,, X), it has a unique solution v admitting the Laplace transform
and

[vllz2(ry) < coll fllz2(ry )

where the constant ¢ is independent of f.
Assume the existence and uniqueness of solutions. Let f € L?(R, X) and

(24) sup I(A = F(iy) ™ < oo

Then, from we have
101 L2r) < Sup 1A = F (i)~ 1 22 -
y

Making use of the Parseval equality, we can assert that provides the
L2-10-stability of ().

If for any p € op(A), one has Re Kj(u) < 0, j = 1,2, then by the
Banach-Steinhaus theorem inequality holds. But due to Theorem

(25) Re K;(p) < oj +7j, j=1,2, where aj = sup Res.
SEO'(Ajj

Hence, we arrive at.

Corollary 4. Let max{aj + 11,1 + 12} < 0. Then, is L?-10-stable.

Similarly, we can investigate various systems, which can be reduced to
(). About the recent results on the input-stability see for instance [L3] and
the references given therein.

6. EXAMPLE

Let H#; = L*(0,1) be the Hilbert space of complex valued functions defined
on (0,1) with the scalar product

1
/O F@Fa@)dr, f.fi € L2(0,1),

and A be defined by with arbitrary bounded operators A1s and Aoy, and
operators A;; defined by

(Aji (@) = cj(z) f(x) + (Vif)(x), §=1,2;0<x<1,

where ¢;(z) (0 <z < 1) are real bounded measurable functions,

(V) = /0 "My, ) f(s)ds, | € L2(0,1).
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Here Mj(x,s) are complex functions defined on the set {0 < s <z <1} and

satisfying the condition
/ / (z,5)%ds, dx < oco.

N3(V) = 2N (Tm V).
Let define S; by (S;f)(z) = ¢j(z)f(z). Thanks to |10, Lemma 7.1] Aj;

is a Ps-triangular operator (see |10, Definition 8.1]). Hence, according to
[10, Corollary 3.4] we have

0(Aj)=0(Cj)={seR:s=c(x), 0 <z <1}

Due to |9, Lemma 9.2],

Since Im Aj; = Im Vj}, we can write
Na(ImAj;) = No(Im Vj) = No(V5)/ V2.

Now, we can apply Corollary About the recent results on the stability
of integro-differential equations see, for instance [2,3,5] and the references
given therein.

7. CONCLUDING REMARKS

In this paper we introduced a new notion, the so-called functional spec-
trum. It generalizes the notion of the traditional spectrum. As the exam-
ples show, it allows rather easily to establish stability conditions for various
types of coupled systems of equations in the finite-dimensional and infinite-
dimensional Hilbert spaces. We have established conditions for the input-
output stability. It will be interesting to apply the approach suggested in
this paper to derive conditions for the exponential and asymptotic stabil-
ities. Moreover, we have restricted ourselves by equations with bounded
operators. It will be very useful to extend our result to equations with
unbounded operators in Hilbert and Banach spaces.
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